Abstract-This paper proposes a trajectory tracking approach for bilinear systems using high gain observer. The proposed technique is based on the use of orthogonal functions and especially the use of operational integration and product matrices. These operational tools allow the conversion of a bilinear differential state equation into an algebraic one. Arranging and solving the obtained algebraic equation lead to a feedback control law that allows the track of a system trajectory. High gain observer is applied to the controlled system in order to ensure the robust track of system trajectory. The adjusting high gain observer parameter allows to system to track its trajectory despite noise. The proposed method is applied to a cylindrical heat exchanger process that is considered, under some assumptions, as a bilinear system.
I. INTRODUCTION
Track a trajectory is to synthesize a closed loop control law that correct deviations between the real system trajectory and the planned one (so-called reference) Δ = − → 0. This problem is addressed in the literature in several ways: the technique of spline functions [1] for linear systems, for non linear systems notion of flatness was used [2] . Besides, we have proposed a new approach based on orthogonal functions, which has used in synthesizing a PID controller ( [8] , [9] ), as a tool of approximation to solve planning and tracking trajectory problems for time variant linear systems [3] and bilinear systems ( [4] , [5] ).
In this work we propose to apply an orthogonal functions based technique in order to find a state feedback control law that ensures the system trajectory track despite of perturbations that may occurs.The considered approach is applied to a class of bilinear systems that approximate a weakly non linear systems [7] .
The controlled system trajectory tracks the reference (planned) one. Moreover, a high gain observer ( [10] , [11] ) is going to be associated with the system for output estimation. A cylindrical heat exchanger process, which can be approached by a bilinear one by considering some practical assumptions, is considered as an application example. This paper is organized as follows: paper, we present first a bilinear approximation method of weakly nonlinear systems. Second, a trajectory tracking technique based on the use of orthogonal functions will be developed and a high gain state observer will be presented. Finally, a simulating example, considering a track of trajectory of cylindrical heat exchanger process associated with the observer, will be presented.
II. BILINEAR APPROXIMATION OF WEAKLY NONLINEAR

SYSTEMS
Consider a nonlinear system described by the following state equation:
where ∈ ℝ → ℝ is a nonlinear function with initial condition (0) = 0 , ( ) ∈ ℝ, ( ) ∈ ℝ and , ∈ ℝ are constant vectors. The system (1) can be linearized around an operating point( , , ) as:
where˜=
can be also approached by means of an identification method ( [12] , [13] ). The main inconvenient of the obtained linear model that describes the original nonlinear plant is its availability in a limited domain around the operating point. In order to simplify the nonlinear model in a large region, one may look for a bilinear model. In fact, the bilinear structure of dynamical system constitutes a medium structure between the complex nonlinear model and the simple linear one. It represents a good compromise between the simplicity and complexity of dynamical models. It is complex enough to preserve the nonlinear properties of the original system and it is simple enough to recall the linear representation. The bilinear model can be written in the following form:
The bilinearization of a nonlinear plant can be led by different techniques as the determination of , , and matrices by identification method [14] . Another known technique is the Carleman bilinearization [7] . This technique is based on the development of the analytic function (.) in a polynomial form:
where [ ] is the i-th Kronecker power of the vector . Then the nonlinear system (1) with the polynomial approximation (4) can be bilinearized as:
andˆ,ˆ,ˆ,â re constant matrices, which can be expressed by , and .ˆandˆare square matrices of dimension + 2 +⋅⋅⋅+ . ,ˆandˆare vectors with + 2 + ⋅ ⋅ ⋅ + components. In the particular case where = 3 one has:
where:
with:
In the next section we will consider the class of bilinear system having the same representation as (5) for trajectory tracking.
III. TRAJECTORY TRACKING
The proposed approach to solve the problem of trajectory tracking for bilinear system is based on the use of orthogonal functions that offer the possibility of representing the dynamical systems algebraically. We first give a brief overview of the orthogonal functions.
A. orthogonal functions
We consider a complete set of orthogonal functions
A projection of any function ( ) in a complete space of orthogonal functions Φ is given by:
Where are constant coefficients given by:
To obtain a practical approximation of the function ( ), development (9) is truncated to order . We thus obtain:
. . . . . .
is an orthogonal function composed vector. An orthogonal functions developpement truncated at order of a matrix function ( ) = [ ( )] is given by:
with ∈ ℝ × , ∈ {0, 1, . . . , − 1} are constant coefficient matrix. Besides the approximation (11), the orthogonal functions provide useful tools such as: the operational matrix of integration, the operational matrix of product and the operational matrix of derivation, for solving differential equations.
1) Operational matrix of integration:
The integral of orthogonal functions basis Φ ( ) vector can be approximated by a constant matrix ∈ ℝ × which verifies:
Form of the matrix depends on the basis of orthogonal functions chosen.
2) Operational matrix of product: The approximation of product of orthogonal basis vectors is given by the operational matrix of product satisfying the following relation:
where ∀ , ∈ {0, 1, . . . , − 1}, ( ) ( ) ∼ = Φ ( ) Orthogonal functions also provide product property [6] for any constant vector ∈ ℝ :
where
In the following we present a method that allows to find a closed loop control ensuring the planned trajectory tracking.
B. Proposed approach
We consider the following difference variables between the system trajectory ( ( ), ( )) and its planned one ( ( ), ( )):
The planned trajectory variables verifies:
the state equation of difference system is given by: 
Our objective is to characterize a state feedback control law ( ) = − ( ) that gives the controlled time variant linear system:˙= ( ( ) − ℬ( )) ( ) the desired performances which are defined by a suitably chosen linear model:
The projection of time variant matrices ( ), ℬ( ) and the vector ( ) in orthogonal functions basis is given by:
yields the following differential equation:
Integrating the previous relation and using operational matrices of product and of integration with the use of operator, we obtain:
A similar development for the reference model (22) gives:
Equalization between ( ) obtained from (27) and ( , ) obtained from (28) provides the following linear algebraic equation whose unknown is the state feedback control gain : =
Solving the equation (29) using the least squares method leads to a state feedback control law ( ) = − ( ) that tracks the bilinear system (5) trajectory.
It should be noted that the development (19) to (29) can be extended to synthesize a time variant state feedback control law in which the time variant control gain ( ) can be determined by a projection in an orthogonal functions base:
In the next section we give a brief presentation of the high gain observer considered to the system state estimation.
IV. HIGH GAIN STATE OBSERVER
The implementation of the synthesized control law needs the measure or the estimation of all the state variables. Since, usually some system variables are non measurable it is required to reconstruct them using a state observer. For this goal we propose to apply a high gain observer ( [10] , [11] ) described by the following equation:
with: > 0: adjustment parameter (observer gain) = : at the first iteration.
We propose in what follows to apply the technique based on the use of orthogonal functions associated with the state high gain observer in order to synthesize the state feedback control which ensures the track of system trajectory. This technique will be applied to a cylindrical heat exchanger process which is considered as a bilinear system under some assumptions.
V. HEAT EXCHANGER PRESENTATION AND MODELING
A. Process presentation and assumptions
We consider a cylindrical heat exchanger composed by three compartments shown in figure (1 temperatures are assumed to be homogeneous. Also, the following assumptions are considered:
• there is no heat loss; 
B. Process Modeling
The modeling of the heat exchanger is based on the following thermal balance law:
Applying equation of thermal balance (34) for three parts I,II and III of heat exchanger.
1) Part I:
(37) Let us consider the state vector of the process as = [
. Note that the heat exchanger is controlled in temperature and flow.
The system evolution is described by the following state equation: ] and the state matrix ( ) becomes:
It is proposed to apply the trajectory tracking technique based on the use of orthogonal functions developed in previous section to the bilinear model of the heat exchanger. The controlled process model is associated to a high gain observer.
VI. TRAJECTORY TRACKING OF CYLINDRICAL HEAT EXCHANGER
In this section we give the results obtained by applying the tracking trajectory method to the cylindrical heat exchanger.
A. Numeric data
Are given below the parameter values of the heat exchanger. = 1000 / 3 : volumetric density of the exchanger inner part. ′ = 1000 / 3 : volumetric density of the exchanger outer part.
= 4183 / : mass heat of inner part. ′ = 4183 / : mass heat of outer part. = 1 : exchanger length. 
B. Simulations results
The developed method for synthesizing a state feedback control law using orthogonal functions, has been applied to track the trajectory of the heat exchanger bilinear model (38), using as reference linear model:˙= ( ) where:
We apply the trajectory tracking approach for the system using the state observer (33) in the presence of noise by injecting a perturbation at time = 8 . The results obtained are given by figures (2) and (3). It appears that the system (exchanger+ observer + feedback control) succeed to track the reference trajectory in spite of perturbations injected. The tracking trajectory method based on the use of orthogonal functions and a reference model was applied to the exchanger bilinear model. Then, a control state feedback law was synthesized allowing controlled system to stay in a neighborhood of the reference trajectory despite disturbances that may occur.
Moreover, a high gain state observer of the heat exchanger has been integrated in the control loop which has permitted the tracking of the planned trajectory despite of the non measurability of the system state variables and the noise presence on the process.
